Thus x-*D(x, •) is a mapping of V into the space £* conjugate to £, and is called a gradient mapping. It is said to be compact, if the image of each bounded set of V has a compact closure in £*. Recently E. H. Rothe [l] gave a (necessary and) sufficient condition for the compactness of gradient mappings under the condition that £ has property (P), and showed that every reflexive Banach space with a basis has it. Here £ is said to have property (P), if there exists a sequence {^i} of linearly independent elements of £* and a positive number M with the following properties: the closed linear span of \\pi} coincides with £* and for each positive integer n there exists a linear projection of norm at most M on the intersection H"., Ni where Ar<= {xG£|^<(x) =0}. In this note a theorem with the conclusion that the gradient mapping is compact is proved under conditions differing somewhat from those of Rothe, and without using anything like the property (P). is totally bounded in E/N and P(S) CUy P(Sn(an,)) because of (3), there exists a finite number of elements of S, denoted by an+i,i, j = 1, 2, • • • , kn+i, such that a"+i,,GU* Sn(a"k), j=i, 2, • • ■ , kn+i, and miny ||P(x) -P(a"+i,i)\\ < l/2»+1
for all x G S.
Then on account of the definition of norm in E/N, for each xG-S there can be chosen y^E.E such that P(x) =P(y) and minj||a"+i,3-y|| <l/2n+1. Thus the induction is completed. Notice that the set {P(an)} is dense in P(S) by construction. We claim that the closure A of the set {an} is compact. In fact, from (2) it follows that for each n, m with wi = n m min||omj--0«4| < E 1/2* < 1/2"-1.
k t=n
Since {an\ ¿ = re} is a finite set, this means that the set {an} is totally bounded; consequently its closure A is compact. Since P(A) is compact in E/N and contains a dense subset of P(S), it follows that P(A)DP(S), that is, for each hES there exists aÇLA with P(a) = P(h), i.e., h-aGN. Now we turn to the proof of the theorem. If D(x, ■) is not compact, there exist a positive number e and a sequence {x<} of elements of
